Introduction
The present paper is related to the problem of approximating the exact solution to the magnetohydrodynamic equations (MHD). The behaviour of a viscous, incompressible and resistive uid is exemined for a long period of time. We follow the strategy introduced by several authors to approximate the solutions of the Navier-Stokes-Equations (NSE). The existence of a nite dimensional global attractor and a nite number of determining modes of the two-dimensional NSE ( cf. 4], 5] ) shows that the long time behaviour of these equations is determined by a nite number of parameters. This justi es the approximation of the solutions by the linear Galerkin approximation associated to the eigenvectors of the Stokes operator.(cf. 4]) In order to obtain a better approximation it was pointed out that the long time behaviour of two-dimensional turbulent ows is mainly controlled by a nite number of modes related to the Stokes operator and that the higher modes remain small for a large time. ( The main purpose of this paper is to show that this manifold yields a better approximation than the linear Galerkin approximation.
The plan for our paper is the following. In section 1 we describe the problem under consideration whereas in section 2 we give a precise functional setting of the problem. Section 3 is related to a few existence and uniqueness results. In section 4 and 5 the main results are presented: norm-estimates for higher modes of the solutions to the MHD-equations and estimates of the distance between the attractor and the approximate inertial manifold.
The magnetohydrodynamic equations
The equations, we are interested in, are given in a bounded domain IR 2 , occupied by the viscous, incompressible and resistive uid. The unknown functions u; B and p denote the velocity of the uid, the magnetic eld and the pressure of the uid, respectively. We shall suppose that the density at time t = 0 is equal to a prescribed constant 0 . The incompressibility yields that the uid is homogenouos at time t 0. For the sake of simplicity we set 0 
denote the usual scalar product in L 2 ( ).
Next we introduce the spaces, used in the theory of MHD-equations ( cf. 6], 9] ). They are : These spaces are equiped with the following scalar products. We de ne for all '; 2 V 1 :
which is a scalar product in V 1 and thanks to Friedrich's inequality in W 1;2 .
Further we de ne (cf. 8] ) for all ; 2 V 2 (( ; )) 2 := (curl ; curl ) ;
which is a scalar product in V 2 . The norms k k
are equivalent to the norm of W 1;2 . So we have :
Finally we mention that the injections
2 are compact and continuous and each space is dense in the following.
Let us introduce the operators related to the MHD-equations. 
This is a simple consequence of H olders inequality. 
Hence, assuming that m is su ciently large the last inequality yields: Applying Gronwall's Lemma we obtain: If m is su ciently large then for any weak solution to (1.1) -(1.5) there hold the estimates: : : : Rm A 2 B(t) +B(u(t); B(t)) ?B(B(t); u(t)) = 0 in L 2 :
Taking the scalar product of (4.5) with A 2 Q(t) for all t 2 ( 0 ; T) we nd : By virtue of (2.5) Lemma 3.2 we obtain : As mentioned in the introduction we are going to improve the linear Galerkinapproximation from section 4 by de nition of a nite dimensional manifold M 0 .
We consider the projection u = p + q and B = P + Q for any solution to (1.1) -(1.5) and write these equations equivalently as a coupled system of equations for p; q and P; Q : d dt p(t) + 1 Re A 1 p(t) + P 1 mB (p(t) + q(t); p(t) + q(t)) ? : : : (5.1) : : : ? S P 1 mB (P (t) + Q(t); P(t) + Q(t)) = P 1 m f in L 2 8 t 2 (0; T) ; d dt q(t) + 1 Re A 1 q(t) + Q 1 mB (p(t) + q(t); p(t) + q(t)) ? : : : (5.2) : : : ? S Q 1 mB (P (t) + Q(t); P(t) + Q(t)) = Q 1 m f in L 2 8 t 2 (0; T) ; d dt P(t) + 1 Rm A 2 P(t) + P 2 mB (p(t) + q(t); P(t) + Q(t)) + : : : (5.3) : : : + P 2 mB (P (t) + Q(t); p(t) + q(t)) = 0 in L 2 8 t 2 (0; T) ;
Rm A 2 Q(t) + Q 2 mB (p(t) + q(t); P(t) + Q(t)) + : : : (5.4) : : : + Q 2 mB (P (t) + Q(t); p(t) + q(t)) = 0 in L 2 6 Summary A new method of approximating the solutions of the magnetohydrodynamicequations for a long time by means of approximate inertial manifolds has been proposed. This approximation scheme has been derived directly from the MHD-equations without any phenomenological considerations. The last two inequalities of section 5 show that the distance between any solution to the MHD-equations and the approximate inertial manifold is smaller than the distance to the at space q = 0 by a factor ?1=2 m+1 for the velocity and ?1=2 m+1 for the magnetic eld. Our arguments have been yielded an improvement of the distance to the manifold M 0 in the L 2 -norm. The estimates in the W 1;2 -norm will be one of our subjects for further investigation.
